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We investigate the exchange coupling constant Jij in NdxFe1−x amorphous alloys with different
compositions within the framework of first-principles calculation. We observed a strong atomic-
dependence of Jij and its fluctuations. We show that the composition strongly affects the distance
dependence of Jij . Composition dependence of calculated Curie temperatures is modest for x <
0.5. To examine the effect of the local environment on the exchange couplings, we demonstrate
combined analyses of the coordination structure and exchange coupling constants using the Gabriel
graph. Our study reveals that the Curie temperatures are mostly dominated by the averaged Jij
and coordination numbers determined by the pairs of neighboring atoms. We also observed that
the exchange couplings between Fe–Fe and Fe–Nd become stronger with increasing the number of
surrounding Nd atoms.
I. INTRODUCTION
Development of a high-performance Nd–Fe–B perma-
nent magnets is one of the most challenging problems in
achieving the high-energy efficiency of next-generation
vehicles and turbines. The role of the non-magnetic
grain boundary (GB) phase was intensively studied in
recent years [1–7], because the magnetic insulation be-
tween main phase grains dominates the prevention of
magnetization reversal at the GB phases [2, 8]. More-
over, a curious feature of the GB phase between two main
phase grains was reported, where both the crystallinity
and composition ratio of the GB phase vary depending on
the relative angles of neighboring main phase grains with
the c axis [9, 10]. They also found that the amorphous
GB phases appeared at the interfaces parallel to the c axis
whereas the crystalline GB phases appeared perpendic-
ular to the c axis of the Nd2Fe14B grains with the Nd
composition ratio of approximately 40%, and 60%, re-
spectively.
Measuring the magnetic properties of actual grain
boundary phases is very difficult because of their struc-
tural complexities and their sizes of approximately 1–2
nm. First principles calculation technique appears to be
a promising tool to determine the magnetic properties
of the complicated microstructures because it can deter-
mine the electronic structures of atomistic models with-
out the need to perform experiments. Until now, several
efforts have been made to calculate the magnetic proper-
ties of various phases and their interfaces in permanent
magnets [11–17]. However, it is little known about the
actual exchange couplings at the GB phases despite the
extensive examination of the exchange coupling constants
of main phases done so far using first principles calcula-
tion techniques [18–22]. This is partly because the struc-
tures of the GB phases are very complicated and not well
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understood, as described in Ref. [9]. Very recently, an at-
tempt has been made to calculate the exchange coupling
constants in the crystalline Nd–Fe alloy as a candidate of
crystalline GB phase of the Nd–Fe–B permanent magnet
[23, 24]. Results from this study strongly suggest that the
crystalline Nd–Fe alloy is ferromagnetic, even though its
Nd composition ratio is up to 67%.
In this study, we examined the exchange coupling con-
stants of amorphous NdxFe1−x alloys for a wide range of
compositions in the framework of spin-dependent density
functional theory. We obtained strongly fluctuating Jij
curves which changes the shape depending on the value
of x. By comparing the Jij curves for different compo-
sitions, we observed that the Jij curves became steeper
for large x. Moreover, we performed a combined analysis
to examine the relationship between the exchange cou-
pling constants with the local structures, using Gabriel
graph analysis for amorphous systems [25]. We found
that the average Jij for neighboring atom pairs became
larger with an increase in the x value, which resulted in
the modest decrease of the calculated Curie temperature
of amorphous NdxFe1−x depending on x. We also found
that the exchange coupling constants vary depending on
the local environment, and the presence of Nd atoms in
the circumstances enhances the exchange coupling con-
stants between Fe–Fe and Fe–Nd.
II. COMPUTATIONAL MODELS AND
METHODS
We performed the computations in this paper within
the framework of density functional theory. For the
density functional calculations, we used OpenMX code
[26]. We adopted the Perdew-Burke-Ernzerhof exchange-
correlation functional [27] with the generalized gradi-
ent approximation (GGA-PBE) unless otherwise stated.
Cutoff radii were set to 6.0 Bohr for Fe and 8.0 Bohr for
Nd. We adopted the pseudopotentials by the Morrison-
Bylander-Kleinman scheme [28], which takes into ac-
count the spin-orbit coupling and the 4f state of Nd
as a spin-polarized core state by considering the occu-
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FIG. 1. Examples of amorphous NdxFe1−x systems created by melt-quench simulations. In the figures, the large yellow circles,
and the small red circles correspond to the Nd and Fe atoms, respectively. In the panel (a), systems with different compositions
are compared. In panel (b), systems with x = 0.42 having different atomic configurations are compared.
pation of three electrons. The convergence criteria for
the force and the total energy were chosen as 1.0× 10−3
Hartree/Bohr and 1.0× 10−6 Hartree, respectively.
To determine the atomic structures of NdxFe1−x alloys,
we adopted the melt quench method based on the spin-
independent first-principles molecular dynamics (FPMD)
simulations. To prepare the atomic coordinates of Nd–Fe
amorphous alloys, we adopted the melt-quench molecular
dynamics method [29] as follows. A crystalline alloy hav-
ing 27 atoms of each Fe and Nd was prepared in the first
step. Then, a certain number of atoms were substituted
to get the desired compositions for 7 different systems
with x = 0.20, 0.31, 0.42, 0.50, 0.59, 0.69 and 0.80. The
alloys were melted at 4000 K for 1 ps, quenched to 300
K in 2 ps, and then stabilized at 300 K for 2 ps by the
FPMD simulations. A structural optimization regard-
ing the internal coordinates and the lattice vectors was
applied after the melt-quench procedure for each com-
position. Next, the systems were annealed at 900 K for
1 ps, cooled to 300 K in 2 ps, and then stabilized at
300 K for 2 ps, which was followed by the second struc-
tural optimization. Finally, the procedures of melting-
quenching-stabilizing, annealing-cooling-stabilizing, and
structural optimization were repeated to obtain 5 inde-
pendent samples for each composition. In the procedures
explained here, first-principles molecular dynamics simu-
lations were performed with moderate accuracy because
of the computational costs of FPMD. We used 1×1×1 k-
grid with the cutoff energy of 300 Ry and electronic tem-
perature of 2000 K as computational conditions. For the
pseudoatomic orbital basis sets, we adopted s1p1d1 and
the s2p1d1 basis set for Fe and Nd, respectively, where
3p states of Fe and 5s and 5p states of Nd were treated
explicitly as valence states. The time step ∆t was set as
1 fs. For the finite temperature FPMD simulations, we
adopted the velocity scaling method.
After the above procedures, we again performed the
structure optimization with higher computational accu-
racy in order to obtain more stable structures of amor-
phous alloys with considering the magnetic interactions.
In this process, spin-dependent density functional calcu-
lations were performed with 7× 7× 7 k-grid with a cut-
off energy of 500 Ry and electronic temperature of 300
K. For the pseudoatomic orbital basis sets, we adopted
s2p2d2 and the s3p2d2 basis sets for Fe and Nd, respec-
tively, which implied more accurate calculation condi-
tions than that in the FPMD simulations. In the spin-
dependent density functional calculations, we assume the
spin population orientation to be upspin and downspin
for Fe and Nd, respectively. Figure 1 shows some of the
resultant amorphous NdxFe1−x systems in this study. It
is possible to see in Fig. 1(b) that different samples with
the same composition have non-identical atomic configu-
rations.
For the computation of exchange coupling constants
of the simulated systems, we adopted the Liechtenstein
method [30] combined with the first-principles calcula-
tion results by OpenMX. To implement the Liechten-
stein method applicable to OpenMX, we adopted the fi-
nite pole approximation of Fermi distribution function
[31, 32], and developed the single-site orthogonalization
scheme, which allows calculating exchange coupling con-
stants of rare earth metals with correspondence to the
experimental results [33].
3III. COMPUTATIONAL RESULTS
A. Exchange coupling constants of amorphous
NdxFe1−x alloys
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FIG. 2. Exchange coupling constants of amorphous
Nd0.42Fe0.58 alloys. In each panel, the Jij is plotted against
rij is represented by the red crosses. In panel (a) and (c),
the Jijs of body-centered cubic (bcc) Fe and double hexago-
nal close-packed (dhcp) Nd crystals are shown using the black
solid lines.
Figure 2 shows calculated exchange coupling constants
Jij for x = 0.42 amorphous alloys as functions of atomic
distances between (a) Fe–Fe, (b) Fe–Nd, and (c) Nd–
Nd. It is possible to see in each panel of Fig. 2 that
the Jij decays with the atomic distance but fluctuates
strongly. In Fig. 2(a), we also show the exchange coupling
constants of body-centered cubic (bcc) crystal of Fe using
a black solid line together with the Jij between Fe–Fe in
the amorphous alloys. Comparing the exchange coupling
constants of amorphous NdxFe1−x with that of bcc Fe,
it is possible to see that the significant enhancement of
Jij occurs at the smaller atomic distance than 2.48 A˚,
which is the atomic distance of nearest neighbor pairs of
bcc Fe. While the enhancement of Jij depending on the
atomic distance is so large, it is also necessary to look at
the large fluctuation of Jij of the order of 10 meV.
A similar feature can be seen in Fig. 2(c), where the
variation in Jij between Nd–Nd is plotted for both dhcp
Nd and amorphous Nd0.42Fe0.58. It is also noteworthy
that mostly positive Jijs between Nd–Nd are found for
small atomic distances. The most significant positive Jijs
are found for the smaller atomic distances than 3.63 A˚,
which is the atomic distance of nearest neighbor pairs
of double hexagonal close-packed (dhcp) crystal of Nd,
while many positive values are found even for larger
atomic distances. This feature is different from the mag-
netism of dhcp Nd, where the nearest neighbor pairs ex-
hibit weak negative exchange couplings. This indicates
that the nature of electrons in Nd–Fe alloys is different
from that in dhcp Nd. Moreover, we point out that the
nearest neighbor Jij between Fe–Nd are approximately
10–30 meV, which is comparable to the nearest neighbor
Jij for bcc Fe. This indicates that the exchange inter-
action in Nd–Fe amorphous alloy is larger than what is
expected from the magnetic properties of their constitut-
ing elements.
The effects of the surrounding environment on Jij can
be seen more evidently when it is compared among differ-
ent compositions. In Fig. 3, Jij between Fe–Fe are shown
for (a) x = 0.20, (b) x = 0.42, (c) x = 59, and (c) x = 80.
We can see that the maximum values of Jij vary from 40
to 60 meV as x increases from 0.20 to 0.80. Moreover,
there is a large difference between the Jij curves of bcc
Fe and amorphous alloy for x = 0.20 and x = 0.42, while
the difference is more subtle in the case of x = 0.59 and
x = 0.80.
B. Curie temperature of amorphous NdxFe1−x
alloys
We evaluated the Curie temperatures of amorphous
NdxFe1−x from the exchange coupling constants using
the mean-field approximation. Within the mean-field ap-
proximation, the Curie temperature of a periodic system
can be calculated as the maximum eigenvalue of the ma-
trix Θ, whose elements can be written as
Θij =
2
3kB
∑
R 6=0
J0i,Rj , (1)
where J0i,Rj denotes the exchange coupling constants of
atom i at cell 0 and atom j at cell R.
Figure 4(a) shows the Curie temperatures of the amor-
phous NdxFe1−x alloys for different compositions as well
as all the examined samples for a given composition.
The maximum Curie temperature was found to be about
1300 K, which is close to the Curie temperature of bcc
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FIG. 3. Exchange coupling constants Jij between Fe–Fe as a function of atomic distance rij for amorphous NdxFe1−x alloys,
for (a) x = 0.20, (b) x = 0.42, (c) x = 0.59, and (d) x = 0.80. In each panel, the red crosses and the black solid line represent
the Jij of amorphous alloy, and bcc Fe, respectively.
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FIG. 4. Curie temperatures of amorphous NdxFe1−x alloys
as a function of x, calculated within the mean field approx-
imation, by (a) the GGA-PBE and (b) the LSDA-CA func-
tionals. The red crosses represent the values of different con-
figurations, and the black dashed line represents the average
value of different samples with the same composition.
Fe calculated within the mean-field approximation. The
Curie temperature drops nonlinearly with increasing x
and reaches about 850 K at x = 0.80. It is also note-
worthy that the calculated Curie temperatures depend
on the choice of exchange-correlation functional. Figure
4(b) shows the Curie temperatures for the same systems
calculated with the exchange correlation functional by
D. M. Ceperley and B. J. Alder [34, 35] with the local
spin density approximation (LSDA), namely the LSDA-
CA functional. In this case, the maximum and minimum
Curie temperatures are approximately 1150 K and 750
K, respectively.
These results suggest that amorphous Nd–Fe alloys ex-
hibit ferromagnetism even for Nd-rich compositions. Al-
though this contradicts a naive expectation that the mag-
netism of an alloy is determined by the ratio of ferromag-
netic and paramagnetic materials in the composition, the
high TC of Nd–Fe alloys are also reported in other re-
cent studies. For example, a recent experimental study
reports the ferromagnetism in amorphous NdxFe1−x al-
loys for the compositions with x < 0.70 [37]. Moreover,
the high TC of fluorite Nd2Fe alloys based on the first-
principles calculation are also reported in Ref. [23], which
reported TC to be 585 K for x = 0.67 within the LSDA
functional proposed by Moruzzi, Janak, and Williams
[36]. The difference of calculated Curie temperature be-
tween Ref. [23] and our study can be explained partly by
the difference of geometry because the distance between
the nearest neighbor Fe–Fe pairs is 4.9 A˚ in the fluorite
Nd2Fe while the average of the distances between neigh-
boring Fe–Fe pairs is approximately 2.5 A˚ in our study.
However, we still have to be careful, as the ferromag-
netic GB phase does not account for the coercivity en-
hancement of permanent magnet. It is pointed out that
the segregation of Cu at the interface of the main and GB
phases enhances the magnetic insulation of main phase
grains, both experimentally [8] and theoretically for crys-
talline Nd–Fe alloy [23]. The effects of additional Cu and
other elements to the amorphous Nd–Fe alloy have to be
investigated further in the future.
C. Analysis of averaged features using the Gabriel
graph
To investigate the effect of surrounding atoms on Jij ,
we performed combined analyses of structure and ex-
change coupling using the Gabriel graph [38]. Gabriel
graph provides a scheme to construct a network for a set
of points in a metric space, by deciding to connect the
two points or not from the center between the two points
(see Figure 5). We have demonstrated that the Gabriel
graph is suitable to describe nearest neighbor networks
in amorphous systems in Ref. [25].
5(a) (b)
FIG. 5. Schematics for the construction scheme of Gabriel
graph. (a) Connect the points A and B when no other points
are found in smaller distances from the center M than A or
B. (b) Remove the edge between points A and B when points
are found at smaller distances from the center M other than
A or B.
Figure 6(a) shows the Gabriel graph constructed from
one of the examined samples of Nd0.42Fe0.58 amorphous
alloy. It is possible to see in the figure that the net-
work of neighboring atoms are constructed by the edges
of the Gabriel graph, which are indicated by blue lines.
In the following analysis, we define the pairs of neighbor-
ing atoms as the atom pairs having Gabriel graph edges
in between.
Using the Gabriel graph, it is possible to analyze the re-
lationship between the exchange coupling constants and
the structural characters of the systems. As the simplest
analysis, we calculated the mean value of Jij for pairs of
neighboring atoms. In Fig. 7(a), we show the averages of
Jij for different element pairs. An important feature that
can be seen clearly in the graph is the strong x depen-
dence of the averages of Jij between Fe–Fe and Fe–Nd.
Another important character extracted from the graph
analysis is the coordination structure. Fig 6(b) shows the
partial Gabriel graph connected to atom 1. The number
of neighboring Fe atoms to atom 1 is counted as 5, and
the number of neighboring Nd atoms to atom 1 is counted
as 6. In our graph analysis, we defined those numbers as
the coordination numbers. The averaged coordination
numbers are shown in Fig. 7(b) for Jij between different
elemental pairs. Here, CX−Y represents the number of
neighboring atoms of species Y around an atom of ele-
ment X.
Given the averaged exchange 〈JX−Y〉 and averaged co-
ordination numbers 〈CX−Y〉, it is possible to evaluate the
approximated Curie temperature T˜C from the averaged
values, as the maximum eigenvalue for the approximated
form of Eq. (1):
Θ˜ =
2
3kB
(
〈CFe−Fe〉〈JFe−Fe〉 〈CFe−Nd〉〈JFe−Nd〉
〈CNd−Fe〉〈JFe−Nd〉 〈CNd−Nd〉〈JNd−Nd〉
)
.(2)
Figure 7(c) shows the approximated Curie temperature
T˜C as a function of x, calculated from 〈JX−Y〉 and
〈CX−Y〉. Comparing Fig. 7(c) with Fig. 4, we can see
that the approximated Curie temperature is similar to
(a)
(b)
FIG. 6. (a) Gabriel graph constructed from one of the exam-
ined samples of Nd0.42Fe0.58 amorphous alloy. The red and
yellow circles correspond to the Fe and Nd atoms, and the
blue lines correspond to the edges of the Gabriel graph. The
atoms outside the unit cell are indicated by the pale colors.
(b) The partial Gabriel graph connected to atom 1.
that of determined from all the Jij values, except for
a small deviation in the positive direction. This implies
that the Curie temperatures of the amorphous NdxFe1−x
alloys are mostly dominated by the exchange coupling of
neighboring pairs defined by the Gabriel graph. We also
suggest that the deviation of T˜C from TC may come from
the long-range terms of Fe–Fe pairs, which tend to have
negative values.
D. Local environment analysis using the Gabriel
graph
In addition to the analysis of averages described above,
it is possible to analyze the relationship between the ex-
change coupling constants and the local environment us-
ing the coordination numbers for each atom. Figure 8
shows the exchange coupling constants Jij as a func-
tion of coordination numbers, between different elemen-
tal pairs and a small range of atomic distances. Here,
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Ci−X denotes the number of neighboring atoms of ele-
ment X to atom i. We used the mean values for atoms
i and j as the variables in Fig. 8. In all the three, the
top, middle and bottom panels of Fig. 8, we show the
Jij as a function of the number of surrounding Fe atoms
in the left graph and Jij as a function of the number of
surrounding Nd atoms in the right graph. In Figs. 8(a)
and (b), it is possible to see a clear tendency that Jij be-
comes weaker with the increasing number of surrounding
Fe atoms, and becomes stronger with the increasing num-
ber of Nd atoms. In comparison, the tendency is rather
ambiguous in Fig. 8(c). This is another evidence that
the exchange coupling constants between two atoms are
suppressed by surrounding Fe atoms and/or enhanced by
surrounding Nd atoms.
IV. SUMMARY
In this paper, we examined the exchange coupling con-
stants Jij of amorphous NdxFe1−x alloys in the frame-
work of spin-dependent density functional calculation.
We observed a strong fluctuation in the exchange cou-
pling constants when plotted against the atomic dis-
tances. By comparing the Jij curves among different
compositions, we found that the shapes of Jij curves are
modified by changing the composition. This resulted in
the nonlinear dependence of Curie temperature as a func-
tion of composition ratio, and the Curie temperature re-
mained large even for Nd-rich compositions. To evalu-
ate the effect of the surrounding environment on Jij , we
performed combined analyses of structure and exchange
coupling using the Gabriel graph. It was found that the
averages of Jij between Fe–Fe and Fe–Nd increase with
increasing the number of surrounding Nd atoms. We also
investigated Jij as a function of coordination numbers,
and found that the exchange couplings become stronger
with increasing Nd concentration. The enhancement of
Jij under the circumstance of large Nd density seen in
our study may account for the ferromagnetism of Nd–Fe
amorphous alloy observed in the experiments. The graph
analysis of the exchange coupling proposed in this study
can open up the new schemes to understand complicated
magnetic interactions in amorphous systems.
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